Colloids immersed in a critical binary liquid mixture are subject to critical Casimir forces (CCFs) because they confine its concentration fluctuations and influence the latter via effective surface fields. To date, CCFs have only been studied in thermodynamic equilibrium. However, due to the critical slowing down, the order parameter around a particle can easily be perturbed by any motion of the colloid or by solvent flow. This leads to significant but largely unexplored changes in the CCF. Here we study the drag force on a single colloidal particle moving in a near-critical fluid mixture and the relative motion of two colloids due to the CCF acting on them. In order to account for the kinetic couplings among the order parameter field, the solvent velocity field, and the particle motion, we use a fluid particle dynamics method. These studies extend the understanding of CCFs from thermal equilibrium to non-equilibrium processes, which are relevant to current experiments, and show the emergence of significant effects near the critical point. Upon approaching a bulk critical point T c of demixing in a critical binary liquid mixture, both the bulk correlation length ξ and the lifetime τ ξ of the order parameter fluctuations -given by the deviation ψ(r) of the local concentration from the bulk critical concentra-
Colloids immersed in a critical binary liquid mixture are subject to critical Casimir forces (CCFs) because they confine its concentration fluctuations and influence the latter via effective surface fields. To date, CCFs have only been studied in thermodynamic equilibrium. However, due to the critical slowing down, the order parameter around a particle can easily be perturbed by any motion of the colloid or by solvent flow. This leads to significant but largely unexplored changes in the CCF. Here we study the drag force on a single colloidal particle moving in a near-critical fluid mixture and the relative motion of two colloids due to the CCF acting on them. In order to account for the kinetic couplings among the order parameter field, the solvent velocity field, and the particle motion, we use a fluid particle dynamics method. These studies extend the understanding of CCFs from thermal equilibrium to non-equilibrium processes, which are relevant to current experiments, and show the emergence of significant effects near the critical point. Upon approaching a bulk critical point T c of demixing in a critical binary liquid mixture, both the bulk correlation length ξ and the lifetime τ ξ of the order parameter fluctuations -given by the deviation ψ(r) of the local concentration from the bulk critical concentration -diverge [1, 2] : ξ = ξ 0,± −ν and τ ξ = τ 0,± −νz for = (T − T c )/T c → 0 ± with the bulk static and dynamic critical exponents ν and z, respectively. When colloidal particles are suspended in such a critical binary liquid mixture, preferential adsorption of one of its components at the colloid surfaces effectively is tantamount to an ordering boundary condition for ψ. The fluctuationinduced and surface-field supported slow spatial decay of ψ occurs on the scale of ξ and leads to long-ranged effective interactions between the colloids [3] [4] [5] [6] [7] [8] [9] . The same phenomenon has also been observed in wetting films of a classical binary liquid mixture [10] , of 4 He [11, 12] , and of 4 He/ 3 He [13] near the superfluid transition. These effective interactions are referred to as CCFs, in view of the analogy with the corresponding quantum force [4, [14] [15] [16] , which is caused by the confinement of the vacuum fluctuations of the electromagnetic field. There is satisfactory agreement between the experimental data [7, [10] [11] [12] [13] and the wealth of the corresponding theoretical predictions (see, e.g., Refs. [9, 17] and references therein).
So far CCFs have been studied primarily in thermodynamic equilibrium on the basis of finite-size scaling of the free energy [18, 19] . However, since both ξ and τ ξ diverge at the critical point, any motion of the colloidal particles -even the one induced by CCFs themselvesperturbs significantly the static situation. Understanding this issue requires one to analyze critical dynamics in confinement by accounting for the dynamical couplings between ψ, the velocity field v of the liquid mixture, and the particle motion, which were considered only partially in previous studies [20] [21] [22] [23] [24] . Since at present an analytic solution for this problem is beyond reach, we simulate these couplings by using a fluid particle dynamics (FPD) method [25] . Interesting time-dependent properties associated with the CCF include the two-point correlation function of the instantaneous force at different times, the relaxation of the CCF upon a thermodynamic quench, shear effects on the CCF, the drag force on a particle pulled through the solvent, or the time dependence of the distance between two colloids approaching their equilibrium configuration. Here we focus on the last two issues.
Method.-Within FPD [25] a set of N particles with centers of mass located at r i , i = 1, . . . , N , is represented by a spatially varying viscosity η(r) = η + N i=1 (η c − η )φ i (r), where η and η c are the viscosities of the liquid solvent and of a "fluid" mimicking a colloid, respectively. φ i describes the i-th particle as φ i (r) = {1+tanh[(a−|r−r i |)/d]}/2, where a is the particle radius and d its interface thickness. The key points of FPD are that (i) the particle rigidity is maintained approximately by the large viscosity difference, (η c − η )/η 1, and (ii) the in fact sharp solid-liquid boundary is replaced by a smooth interface with thickness d. Upon decreasing d and increasing η c /η the method is expected to model actual colloids [25] [26] [27] [28] . The free energy functional for the colloidal suspension is given by F {ψ, r i } = F b {ψ} + F s {ψ, r i } + F a {ψ, r i } + U {r i }. The first term is the bulk free energy
with the Ginzburg-Landau form f b (ψ) = r 0 ψ 2 /2 + u 0 ψ 4 /4 at the bulk critical concentration; r 0 , u 0 , and K 0 are positive constants such that ξ 0,+ = K 0 /r 0 , ν = actual interaction between the colloid surface and the two species of the solvent. The third term F a {ψ,
3 r χφ i ψ 2 with χ > 0 is a coupling introduced to suppress ψ inside each particle. Finally, the potential energy U {r i } = i>j u(|r i − r j |) accounts for the direct pair potential u(r) between the colloids.
The dynamic equations can be constructed on the basis of the standard model H [1, 2] for critical dynamics of a binary liquid mixture. The velocity field v(r) of the fluid, which consists of both the solvent and the colloids, obeys the Navier-Stokes equation
I is the unit tensor. The hydrostatic pressure p facilitates to satisfy the incompressibility condition ∇·v = 0 and f rev (r) is the reversible force density (see below). We consider the mass density ρ of the liquid to be spatially constant and thus to be the same as the one of the particles; ψ(r) satisfies
where
with constant L > 0, which vanishes inside each colloid where φ i = 1. Together with F a , this guarantees that inside the particles there is no diffusive flux so that the concentration remains unchanged, i.e., ψ(r, t) = 0, as it should be inside solid particles. Within the FPD method, the velocity V i of the i-th fluid particle is given by
In the presence of a smooth interface, the standard expression [2] for the reversible force density f rev has an additional contribution [29] ; from F {ψ, r i } and the dynamic equations (1), (2), and (3) one obtains
where the first term contains the usual bulk osmotic force −ψ∇(δF b /δψ) due to F b , which can be expressed as
. As it will be detailed elsewhere [29] , one can show that the contributions of F s and F a to Eq. (4) vanish for d/a → 0.
In the actual numerical calculations, the velocity field v(r, t + ∆t) is obtained on the lattice from v, ψ, and r i at time t via Eq. (1). The particles are then moved off-lattice according to r i (t + ∆t) = r i (t) + ∆t V i (t + ∆t) (see Eq. (3)), where ∆t is the time increment of the numerical integration, and then put back on the lattice. This procedure is repeated for each time step ∆t. In our simulation, we have used d as the unit of length (and as the lattice constant) and τ = ρd 2 /η as the unit of time, which render the scaled ρ and η to be 1. The units of stress and energy areσ = ρ(d/τ ) 2 andĒ =σd 3 , respectively. In units of d 2 /(r 0 τ ), L scales to 1. In the free energy functional we set r 0 /σ = u 0 /r 0 = K 0 /(d 2 r 0 ) = 1, h 1 /(dr 0 ) = −10 or −4, and χ/r 0 = 2, which fix the bulk non-universal amplitudes ξ 0,+ = d (= 1) and ψ 0 = 1. Furthermore, we set η c /η = 50 and ∆t = 0.003. In the following all variables are understood as scaled. The translation of the above choices for the dimensionless quantities (motivated by computing limitations) into physical ones results into very short time and length scales. However, the phenomena we focus on here are caused primarily by the mismatch between the time scales for concentration diffusion and advection, which we shall quantify and compare with experimentally relevant figures below. In this study we focus on the critical composition with average concentrationψ = 0. Although the CCF is known to increase upon moving away from this composition [5, 6, 8] , we focus on the critical one because it is relevant for current experiments and correspondingly, ξ is maximized, resulting in enhanced dynamical effects, which in fact become more severe as ξ grows (see below). We solve the equation of motion [Eq. (1)] by the marker-and-cell method [30] . The present mean-field analysis neglects the effects of thermal fluctuations, which are left to future studies.
Ψ(r)
Equilibrium.-In order to assess the reliability of FPD we first consider relaxation towards equilibrium for a single particle. In the absence of a mean velocity field, the system is spherically symmetric around the center r = 0 of the particle. For various reduced temperatures, Fig. 1 compares the equilibrium ψ(r), as obtained by evolving an arbitrarily chosen initial condition with FPD (smooth boundary, solid line), with the one (dashed line) obtained by imposing at the sharp boundary r = a of the particle appropriate conditions [31] for ψ and v during their evolution with model H. Due to h 1 < 0, the critical adsorption layer is formed with ψ > 0 and its thickness is given by ξ = −1/2 , as highlighted in the inset. Figure 1 demonstrates that the two sets of profiles are indistinguishable, apart from distances r − a d = 1 which are outside the scaling regime. This illustrates that FPD reproduces accurately the mean-field equilibrium concentration profile except in the close vicinity of the surface.
Drag force.-In order to confront the first nonequilibrium issue, we have calculated the drag force f d (according to Ref. [27] ) which has to act on the particle in order to keep it fixed when exposed to a flow with a uniform velocity field v 0 = v(r → ∞). In the sharp boundary case, the stick boundary condition v = 0 is applied at the surface r = a of the particle. Figure 2(a) shows the friction f d /(6πη av 0 ) for a particle as a function of v 0 for both the sharp and the smooth boundary case, with = 0.025 (corresponding, in equilibrium, to ξ a). If h 1 = 0, ψ(r) ≡ 0 due to T > T c and ψ = 0. Therefore ψ does not affect the velocity field v, and, as expected, Stokes' drag law f d = 6πη av 0 is reproduced with high accuracy for sufficiently small v 0 and sharp boundaries. On the other hand, if h 1 = 0 so that ψ(r) > 0, f d /(6πη av 0 ) increases by ca. 20% because there is a drag by the particle and ψ(r) is strongly distorted by the motion (see Fig. 2(b) ). In addition, the friction decreases monotonically upon increasing v 0 within the range in which Stokes' law is recovered for h 1 = 0. This trend is enhanced for larger ξ (not shown), which suggests that the friction is related to the adsorption profile and the concomitant total excess adsorption of the particle. As shown in Fig. 2(c) , ψ around the particle becomes increasingly asymmetric with increasing v 0 , being enhanced leeward and even inverted windward. This effect is characterized by the relative importance of advection to diffusion, quantified by the Péclet number Pe = ξv 0 /D ξ , where D ξ is the mutual diffusion constant; within mean-field theory D ξ = Lr 0 in the bulk. For Pe 1 (v 0 0.004 in the present analysis), the concentration profile around the particle is strongly distorted. Reflecting this modification of ψ, the osmotic pressure ∝ ∇ψ∇ψ acting locally on the particle surface is larger windward than leeward, resulting in the total drag force along the z-axis. The deviation from Stokes' law due to the "dressing" of the particle by ψ is already a manifestation of non-equilibrium effects. We also note that the spatial anisotropy of ψ around the particle implies that the CCF between moving particles is also anisotropic. The results for the static (Fig. 1) and dynamic (Fig. 2 ) behaviors of a single particle also demonstrate that the corresponding results with sharp boundaries are approximated well by FPD. Therefore it can be reliably employed for studying actual CCFs both in equilibrium and non-equilibrium conditions. Two-particle aggregation.-With FPD, we now consider two identical colloids at center-to-center distance r and we investigate their interaction and the resulting motion. In order to avoid particle coagulation, we employ u(r) = (λ/r) 24 E with E/Ē = 100. For two reduced temperatures and in equilibrium, Fig. 3(a) shows the effective interaction energy ∆ 12 (r) = F (2) (r)−2F (1) , where F (2) and F (1) are the free energies of a pair and of a single particle, respectively. Upon approaching T c , one can see the increase in the interaction range, which is set by ξ. Figure 3(b) shows the temporal dependence of the interparticle distance r = R 12 (t) in the process of aggregation during which two particles, originally kept in ther- mal equilibrium at a distance r = R 12 (0) and released at t = 0, approach each other due to their mutual interaction. For a fixed value of R 12 (0), R 12 (t) strongly depends on the transport coefficient L, especially if R 12 (0) is large, indicating that ψ cannot follow the motion of the particle. In fact, the smaller the value of L, the larger is the corresponding value of Pe = ξv 0 /(Lr 0 ), where v 0 is the velocity of approach. For two values of L, snapshots of ψ along the direction joining the centers of the particles are shown during the aggregation process and in equilibrium in Fig. 3(d) . As expected, the concentration near the particle surface is almost equilibrated, but far from it, ψ deviates clearly from the equilibrium profile, which becomes more pronounced as Pe increases.
Figure 3(e) shows the evolution of the instantaneous interaction energy as function of the interparticle distance during the approach of the two particles towards the final equilibrium, for which the potential coincides with the equilibrium one ( Fig. 3(a) ). During this kinetic process, the interaction strength is always weaker than in equilibrium, because in between particles (i.e., in front of a moving particle) ψ decays on a shorter length scale than its equilibrium counterpart (see Fig. 2(b) ). Therefore the full CCF cannot emerge. As expected, this effect is more pronounced for smaller L, i.e., larger Pe. This is a clear signature of non-equilibrium dynamical effects occurring during the aggregation driven by the attractive CCF, which are enhanced as R 12 decreases because, correspondingly, the driving force and thus the speed of motion increase. For Pe 1, the distorted ψ around the particles cannot catch up with this motion and this retardation leads to strong non-equilibrium effects. This can be clearly seen by the very slow reduction of ∆ 12 (R 12 (t)) even after the two particles have reached their final equilibrium positions, corresponding to the almost vertical drop of the solid curve in Fig. 3(e) .
Conclusions.-The non-equilibrium effects on the CCF investigated here are characterized by the Péclet number Pe = ξv 0 /D ξ . For Pe 1, a large distortion of the concentration field is induced by the particle motion and its extent and anisotropy determines the degree of deviation from equilibrium. In the presence of thermal fluctuations, mode-coupling theory predicts D ξ = k B T /(6πη ξ) [2] where k B T is the thermal energy. The velocity v 0 can be estimated from the steady-state relationship v 0 f /(6πη a) wheref is the CCF or the drag force acting on the particle. Thus Pe f ξ 2 /(a k B T ) and the situation Pe 1 (f 30 fN, with ξ a and ξ 100 nm) is within experimental reach [7, 32] . Therefore, we expect that significant dynamical effects comparable to those shown in Figs. 2 and 3 should be observable in experiments. More detailed analyses including further simulation studies will be presented elsewhere. In summary, we have studied non-equilibrium effects on CCFs acting on colloids immersed in a near-critical binary liquid mixture. The effects are intrinsically important and sizable near a critical point, and cannot be ignored even in the simple case of two particles aggregating under the influence of the CCF themselves. The non-equilibrium phenomena related to CCF are rich and important for understanding aggregation kinetics of colloidal particles [33] , the dynamics of a rapidly diffusing colloidal particle, and the interactions between driven colloidal particles (e.g., due to diffusiophoresis) near a critical point [34] . Similar effects are also expected to occur near an isotropic-nematic phase transition of a liquid crystal because of the weak first-order nature of the transition. Our FPD method lends itself to addressing these issues and provides an effective tool for investigating novel, nonequilibrium features of CCF.
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